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 Refinement of the Massachusetts Mathematics Framework:  
6-7.RP: Rate, Ratio, Proportion, Units, and Percents  

Tom Fortmann                    21 March 2016 
 

“Students need to understand mathematics deeply and use it effectively.” 
—Guiding Principle #1, Massachusetts Math Curriculum Framework 

“ ‘Setting up a proportion’ can seem akin to magic unless one understands that  
  proportions are simply instances of constant rates and linear functions.” 

—Massachusetts Guidelines for the Mathematical Preparation of Elementary Teachers 
 
Educators and practitioners of mathematics recognize that the most striking and powerful attribute of the 
Massachusetts Mathematics Framework (built upon the Common Core State Standards)—and the key to its 
success—is an ubiquitous demand for deep understanding on the part of students and teachers.   

Unfortunately, one important domain misses the mark on understanding:  Ratios and Proportional Relationships (6-
7.RP), a notoriously enigmatic topic. 

Fortunately, the deficiencies can be corrected in the current Massachusetts refinement process without adding or 
deleting any content.  All that’s needed is a shift of emphasis, explicit attention to the role of units, and the transfer 
of one inappropriately placed topic (percent) to another domain: 

The central concept in the RP domain is rate and its role in a multiplicative relationship y = mx  (to be called a 
linear function in 8th grade).  Ratio is also important but is more notation than concept.  A proportion is easily 
understood, provided it is defined as an instance of a linear function.  And every engineer and scientist knows 
that the units of a rate (largely ignored in RP) are the keys to understanding and using it. 
Defining percents as “a rate per 100” cloaks them in mystery and misunderstanding.  It is singularly unhelpful 
to children and math-challenged K-8 teachers for us to describe percent as anything but a special notation for a 
number that behaves just like other decimals, fractions, integers, etc.  

A more detailed discussion of these points appears below, followed by proposed changes to the standards.  As you 
read them, bear in mind that our paramount goal is for students and teachers to understand the mathematics.  
 
Proposed Revision of 6-7.RP:  Rate, Ratio, Proportion, Units, and Percents 
(1) Rate and ratio are different ways of expressing quotient, their use dependent on context and the units of the 
quantities being divided.  The concepts of RP extend and should deepen understanding of division, but that 
connection is conspicuously absent from 6-7.RP.  The words division and quotient do not appear at all and should 
be added to 6.RP emphasize this relationship. 

(2) Rate is sorely underrated (pardon the pun) in 6-7.RP, which don’t even have rate in their titles.  The emphasis is 
on ratio, which obscures and impedes understanding of the more important concept of rate.   

Students do need to understand ratio1 because 
• It’s a common term dating back to ancient Greece (including the quaint “2:3” or even “2:3:4” notation) 
• It’s customary and “natural” for describing certain relationships, such as bookmakers’ odds 
• It’s complicated (part/part vs. part/whole, e.g., male/female ratio of 2/3 means that 3/5 are female) 
• It marvelously illustrates (as in the male/female example) the folly of using fractions or percents without 

paying attention to the “whole”   

                                                
1 Some definitions restrict ratio to numbers of the same “kind,” so the wing/beak ratio in 6.RP.1 could be questioned.  However, “kind” is in 
the eye of the beholder and the traditional male/female ratio is equally questionable (are they males and females or are they all students?). 
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But understanding rate is far more important because  
• It incorporates units into division—creating compound units like mi/hr and $/kg 
• It enables the application of mathematics to physical problems 
• It’s the bridge from division to proportions to linear functions to slope to calculus 
• It’s the key to understanding proportion problems (and to solving them) 

Therefore, rate should be added to the RP domain title and feature more prominently in 6.RP.2-3  

(3) It’s inappropriate and confusing in 6.RP.2 to introduce rate as a “… rate a/b associated with a ratio a:b …”.  The 
Framework demands that the mathematics make sense, and to think of driving 30 miles in 2 hours as a ratio of 30:2 
or 15:1 does not.  One should think instead of 30 miles/2 hours = 15 miles/hours.  Also cups of flour/sugar is a poor 
first example of rate and should be preceded by a speed example.  The second example should end with “… 5 
dollars per hamburger”, not “… $5 per hamburger.” 

(4) The compound units (mi/hr, $/kg, bits/sec, kg/m3) associated with rates are as important as the rates themselves 
and should be made explicit.  Every engineer and scientist knows that units are the keys to understanding, but the 
only place in K-8 that I found divided units is “miles per hour” in an example in 7.RP.1. 

(5) The word “unit” in “unit rate” is technically correct but it’s entirely unnecessary at this grade level and distracts 
from understanding the critical concept of rate.  The intro paragraph on page 53 wisely mentions rate without the 
modifier.  I would simply say or footnote “(also called ‘unit rate’)” the first time the word rate appears in 6.RP and 
delete “unit” everywhere else.  A reference to “rate of change” would also be helpful. 

(6) Percents (and other fractions) are famously difficult for most people to understand, and defining percent in 
6.RP.3.c as a “rate per 100” guarantees confusion.  In practice, a percent is nothing but a fraction (i.e., a number!)2 
expressed in a different format.  K-12 students will not master percents or fractions until they understand them as 
numbers, with homes alongside the whole numbers on the number line and with all the same properties and 
operations.  That’s why fractions, decimals, and percents all appear together in the Grade 5 Number Sense and 
Operations strand of the previous Massachusetts Framework (2004).    

I would therefore reword 6.RP.3.c and move the first part of it to 5.NBT. 

(7) In 6.RP.3.d, I don’t know what it means to “use ratio reasoning” to convert units because everyone I know uses 
rate reasoning:  10 inches × 2.54 cm/inch = 25.4 cm;  60 mi/hr × 5280 ft/mi ÷ 3600 sec/hr = 88 ft/sec.  This is the 
first place units are mentioned in RP or EE and they should be much more prominent.  The key to understanding 
rates is realizing that the numbers have units attached and that you divide both numbers and units, resulting in 
compound units3 like mi/hr, $/lb, and kg-m/sec2. 

(8) All of 6-7.RP rests on an unstated assumption of constant rates but the word constant appears only in the 
examples.  It should be inserted in 6.RP.2, when rate is introduced, and reiterated in 7.RP.2. 

(9) The key to understanding proportions—as linear equations of the form y = mx —is hiding in 7.RP.2.c.  It should 
be made explicit and moved to the top of the list. 

(10) All six examples in 7.RP.3 are percent problems and all are best solved without proportions.  I would replace 
them with authentic multistep proportion examples. 

(11) The Grade 7 introduction (p. 46) promises to relate proportionality to scale drawings and similarity and to 
relate rate to slope—both critical topics—but none of this appears until Grade 8.  Relating rate to slope should be 
added to 7.RP.2.  Also, 8.EE.6 should say to understand slope as an attribute of a line (the Framework frequently 
calls attention to attributes of objects, figures, etc., and slope deserves equal billing). 

 
                                                
2 Some mathematicians object that a percent is not a number but rather a linear functional in the dual space of the reals, that it has “of” 
attached, etc.  This sort of nuance impedes understanding and should be postponed until after grade 8. 
3 Square units are in 3.MD.5-6 and cubic units are in 5.MD.3-4, but should be identified as compound, resulting from multiplication. 
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Grade 6 Revisions 
Grade 6 Overview: 

Rates, Ratios, and Proportional Relationships  

• Understand rate and ratio concepts and use rate and ratio reasoning to solve problems.  

 

Rates, Ratios, and Proportional Relationships 6.RP 

Understand rate and ratio concepts and use rate and ratio reasoning to solve problems. 

1. Understand the concept of a ratio and use ratio language to describe a ratio relationship between two 
quantities, including the distinction between part:part and part/whole. For example, “The ratio of wings to 
beaks in the bird house at the zoo was 2:1, because for every 2 wings there was 1 beak.” “For every vote 
candidate A received, candidate C received nearly three votes.” “The ratio of males to females is 2:3, 
meaning that 3/5 of the students are female.” 

2. Understand the concept of a unit rate4 a/b associated with a quotient a/b or ratio a:b with b ≠ 0, and use rate 
language in the context of a ratio such relationships. For example, “The vehicle advanced 30 miles in 2 
hours, so its rate of speed was 15 miles per hour.” “This recipe has a ratio of 3 cups of flour to 4 cups of 
sugar, so there is 3/4 cup of flour for each cup of sugar.” “We paid $75 for 15 hamburgers, which is a rate of 
$5 5 dollars per hamburger.”5 

3. Understand that ratio and rate are different ways of expressing quotients, that “per” means division, and that 
division applies both to numbers and to their units. For example, 25 gallons ÷ 5 minutes = 5 gal/min.  

34. Use ratio and rate reasoning to solve real-world and mathematical problems, e.g., by reasoning about tables 
of equivalent ratios, tape diagrams, double number line diagrams, or equations. 

a. Make tables of equivalent ratios relating quantities with whole-number measurements, find missing 
values in the tables, and plot the pairs of values on the coordinate plane. Use tables to compare ratios. 

b. Solve unit rate problems including those involving unit pricing and constant speed. For example, if it took 
7 hours to mow 4 lawns, then at that rate, how many lawns could be mowed in 35 hours? At what rate 
were lawns being mowed? 

dc. Use ratio reasoning to convert measurement units; manipulate and transform units appropriately when 
multiplying or dividing quantities. Understand and manipulate the compound measurement units that 
result when multiplying or dividing quantities (e.g., m2, kw-hr, feet per second, $/kg).  Use rate reasoning 
to convert units.  For example, 10 inches × 2.54 cm/inch = 25.4 cm;  60 mi/hr × 5280 ft/mi ÷ 3600 sec/hr 
= 88 ft/sec. 

cd. [***revise and move the first part of this paragraph to 5.NBT]  
Find a percent of a quantity as a rate per 100 (e.g., 30% of a quantity means 30/100 times the quantity); 
solve problems involving finding the whole, given a part and the percent.  Solve problems involving 
percents; understand how to find the part, the whole, or the percent, given the other two. 

MA.34.e..  Solve problems that relate the mass of an object to its volume.           
  

                                                
4 Also called “unit rate” or “rate of change,” it is assumed here to be a constant or average rate—a subtlety postponed until high school. 
5 Expectations for rates in this grade are limited to non-complex fractions. 
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Grade 7 Revisions 
 

Grade 7 Introduction, paragraph (1):   

… Students graph proportional relationships and understand the unit rate informally as a measure of the 
steepness of the related line, called the slope. … 

 
Grade 7 Overview: 

Rates, Ratios, and Proportional Relationships  

• Analyze proportional relationships and use them to solve real-world and mathematical problems.  

 

 

Rates, Ratios, and Proportional Relationships 7.RP 

Analyze proportional relationships and use them to solve real-world and mathematical problems. 

1. Compute unit rates and ratios associated with ratios quotients of fractions, including ratios quotients of 
lengths, areas and other quantities measured in like or different units. For example, if a person walks 1/2 mile 
in each 1/4 hour, compute the unit rate as the complex fraction ½/¼ miles per hour, equivalently 2 mi/hr. 

2. Recognize and represent proportional relationships between quantities. 

ca. Represent proportional relationships by equations. Understand a proportional relationship as an equation 
of the form y = mx, where y is proportional to x and m is the constant rate or constant of proportionality.  
For example, if total cost t is proportional to the number n of items purchased at a constant price p, the 
relationship between the total cost and the number of items can be expressed as t = pn. 

b. Identify the rate (constant of proportionality) (unit rate) in tables, graphs, equations, diagrams, and verbal 
descriptions of proportional relationships. Understand the significance of the rate being constant. 

ac. Decide whether two quantities are in a proportional relationship, e.g., by testing for equivalent ratios in a 
table, or graphing on a coordinate plane and observing whether the graph is a straight line through the 
origin, or comparing their respective rates. 

c. Represent proportional relationships by equations. For example, if total cost t is proportional to the 
number n of items purchased at a constant price p, the relationship between the total cost and the number 
of items can be expressed as t = pn.  [*** this moved above to a. ***] 

d. Understand rate informally as a measure of the slope or steepness of the associated straight-line graph. 

de. Explain what a point (x, y) on the graph of a proportional relationship means in terms of the situation, 
with special attention to the points (0, 0) and (1, r) where r is the unit rate. 

f. Reason about proportional length relationships in scale drawings. 

3. Use proportional relationships, rates, and ratios to solve multistep ratio and percent problems. Examples: 
simple interest, tax, markups and markdowns, gratuities and commissions, fees, percent increase and 
decrease, percent error. time and distance, hourly wages, simple interest, flagpoles and shadows, scale 
drawings and maps, pricing per pound, bit rates, scaling recipes, tank filling, density, wheel diameter vs. 
distance, acres vs. hectares, telephone rates. 
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Grades 8 and 5 Revisions 
 
 

Expressions and Equations 8.EE 

   • • • • • 

Understand the connections between proportional relationships, lines, and linear equations.  

   • • • • • 

6. Understand slope as an attribute of a line.  Use similar triangles to explain why the slope m is the same 
between any two distinct points on a non-vertical line in the coordinate plane; derive the equation y = mx for 
a line through the origin and the equation y = mx + b for a line intercepting the vertical axis at b. ��� 

• • • • •  

 

 

 
Number and Operations in Base Ten 5.NBT 

Understand the place value system.  

• • • • •  

4. Use place value understanding to round decimals to any place. ��� 

5. Understand a percent as a decimal fraction (i.e., a number) with 100 as its denominator (e.g., 30% of a 
quantity means 30/100 or 0.30 times the quantity); perform operations involving finding a percent of a 
quantity. 
 
[***  This paragraph is moved to 5.NBT from 6.RP.3.c and revised.  I put it here because (a) it’s a special 
case of decimals, (b) there’s no NBT domain in grade 6, and (c) the 2004 MA Frameworks introduce percents 
and decimals together in grade 5. ***] 

 

Perform operations with multi-digit whole numbers and with decimals to hundredths.  

56. Fluently multiply multi-digit whole numbers using the standard algorithm. ��� 

• • • • • 
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Here’s what other experts say about rate, ratio, proportion, and percent:   
 
Prof. Ken Gross’s Mathematics as a Second Language, Module 10, defines rate and proportion as follows:  

“… a rate is simply a division calculation in which we keep track of the nouns [i.e., units] and interpret the 
word ‘per’ as meaning divide.”  (p. 1) 

“… when we use the term proportion we are referring to an equation of the form y = mx where the quantity y is 
proportional to the quantity x, and the number m is the proportionality factor [or constant rate].”  (p. 4)  

And regarding percent he says 

“The number ½ is a common fraction.  As we will see in later modules, the fraction ½, the decimal .5, the 
percent 50%, the expressions 2 × ¼, 2 ÷ 4, and ¼ / ½ are all numerals representing the rational number 1 ÷ 2.” 

 

 

 

Prof. Hung-Hsi Wu’s textbook chapter on fractions says 

“The division of A by B, A/B , is called either a rate, or the ratio of A to B, depending on context. If A and B 
are of the same type, which means that they are points on the same number line (such as A being the number 
of boys and B being the number of girls in a classroom, and the unit 1 refers to one student), then A is said to 
be a ratio. If, however, A and B are of different types, which means they are points on different number lines 
(such as A being the total distance traveled in a given time duration so that it is a point on a number line whose 
unit is one foot, one mile, etc., and B is the length of that time duration so that B is a point on another number 
line whose unit is one minute, one hour, etc.), then the division A/B obtained by identifying the two numbers 
lines is called a rate.” 

His chapter on percent begins with 

“This chapter introduces the language of ‘percent’.  The main point is that a percent is a number.” 

“A percent is, by definition, a complex fraction whose denominator is 100.” 

“…the immense amount of nonlearning associated with percent can be directly traced to the absence of a 
definition, as we proceed to demonstrate.  In standard texts, percent is introduced as ‘out of 100’.  Armed with 
this vague description, how are students supposed to work out precise mathematical problems?” 

 

 

 

Prof. Richard Bisk’s textbook chapter on proportionality begins with this definition-by-example: 

“Suppose you drive 60 miles per hour in your car.  The distance, D, that you travel depends on the time, T, you 
spent driving:   
 D = 60T (1)   

This is an example of a proportionality relationship.  Distance is directly proportional to time.” 
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The Massachusetts Commissioner’s  Guidelines for the Mathematical Preparation of Elementary Teachers says 
“Setting up a proportion” can seem akin to magic unless one understands that proportions are simply instances 
of constant rates and linear functions.” (p. 7) 

“Every proportion involves a constant rate and is an instance of a linear function.” (p. 10) 

“Nearly all numbers have associated units, an important point that is often overlooked in the early grades. Units 
pave the way to learning fractions and they provide crucial guidance for solving problems— especially those 
involving rates.” (p. 10)   

 “A linear equation (with no constant term) is an infinite collection of proportions whose constant rate is the 
equation’s slope.” (p. 11) 

“… understand that division problems often create rates (miles per hour, $ per pound, bushels per acre), that 
proportions are instances of constant rates, and that underpinning all of these are linear functions …” (p. 28) 

 
“B.12.   Proportional thinking: rates and ratios:  Proportions illustrate how clear definitions can demystify 
an important concept.  Curricula often describe ‘setting up a proportion’ without explaining that a proportion is 
the tip of an iceberg known as ‘linear functions.’ Teachers must understand the relationship among proportions, 
constant rates, and linear functions6 and be able to explain them to students; this requires fluency with division 
and units, as well as a working knowledge of basic algebra and functions. 

“As described above under ‘Units,’ division often creates rates.  For example, if a pen costs $1.50, the rate is 
said to be 1.50 dollars per pen or 

€ 

1.50 dollarspen
.  If the price is the same no matter how many pens one buys (the 

usual but seldom stated assumption), i.e., if they are sold at a constant rate of 

€ 

1.50 dollarspen
, then 2 pens cost 

$3.00, 3 cost $4.50, etc. and the constant rate can be expressed as 

€ 

1.5 dollars
1 pen =

€ 

3 dollars
2 pens =

€ 

4.5 dollars
3 pens =

€ 

6 dollars
4 pens = ... 

and any pair of these quotients is commonly called a proportion.  This can be expressed algebraically as 

€ 

c = 1.5n ,   where c represents the total cost of buying n pens 

which is (confusingly) sometimes also called a proportion.  It is, of course, an instance of a linear function

€ 

c(n) =1.5n , whose graph is a straight line (passing through the origin because there is no constant term) with a 
slope of 1.5 dollars/pen, and each quotient above corresponds to a point on the line.  How much of this should 
be communicated to students depends upon their grade level, but the teacher must understand it well. 

“Other useful examples and problems involve moving objects, map scales, and similar triangles constructed 
from flagpoles and shadows, but the usually implicit assumptions (constant speed in a straight line, uniform 
scales in both directions, 

€ 

object height
shadow length = constant if measured at the same time of day) must be explicitly 

identified.”  (p. 29) 
 
 
Regarding percent, the Commissioner (a former math teacher) says 

“Integers, fractions, decimals, percents, and mixed numbers are all just plain numbers; they share the same 
properties and each one has a home on the number line.” (p. 10)   

“Decimals, percents, and mixed numbers—different ways of writing fractions—are just more numbers.” (p. 25)  

“Some mathematicians prefer to define percents as ratios, operators, or something else, but this level of 
abstraction may confuse elementary teachers.”  (p. 26, footnote)  

                                                
6 Linear functions without constant terms, to be precise. 


